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ABSTRACT. In this paper we study the Kantorovich form of Stancu operators. As
particular cases, we shall obtain similar properties of the Kantorovich form for
Bernstein, Schurer and Schurer–Stancu operators.
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1. INTRODUCTION
In this section, we recall some notions and results which we will use in this article
(see [5]).
We define the natural number m0 by
m0 D
(
maxf1; Œˇg; iff ˇ 2 R nZ;
maxf1; 1   ˇg; iff ˇ 2 Z: (1.1)
For the real number p, we have
mC ˇ  ˇ D m0 C ˇ (1.2)
for any natural number m, m  m0, where
ˇ D
(
max
˚
1C ˇ; fˇg	; iff ˇ 2 R nZ;
maxf1C ˇ; 1g; iff ˇ 2 Z: (1.3)
For the real numbers ˛; ˇ, ˛  0, we set
.˛;ˇ/ D
8ˆ<ˆ
:
1; iff ˛  ˇ;
1C ˛   ˇ
ˇ
; iff ˛ > ˇ:
(1.4)
Lemma 1. For the real numbers ˛ and ˇ, ˛  0, we have
0  k C ˛
mC ˇ  
.˛;ˇ/ (1.5)
c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for any natural number m, m  m0 and for any k 2 f0; 1; : : : ;mg.
For the real numbers ˛ and ˇ, ˛  0, where m0 and .˛;ˇ/ are defined by (1.1)–
(1.4), let the operators P .˛;ˇ/m W C
 
Œ0; .˛;ˇ/
 ! C  Œ0; 1 be defined for any func-
tion f 2 C  Œ0; .˛;ˇ/ by 
P .˛;ˇ/m f

.x/ D
mX
kD0
pm;k.x/f

k C ˛
mC ˇ

; (1.6)
for any natural number m;m  m0 and for any x 2 Œ0; 1, where pm;k.x/ D 
m
k

xk.1   x/m k are the fundamental Bernstein polynomials. These operators are
named Bernstein-Stancu operators, introduced and studied in 1969 by D. D. Stancu
in the paper [7]. In [7] the domain of definition for the Bernstein–Stancu operators is
C.Œ0; 1/ and 0  ˛  ˇ.
Remark 1. Because there is no restriction on the real parameter ˇ in our construc-
tion, in the following remarks we will explain how to obtain the Bernstein, Schurer
and Schurer–Stancu operators from the Stancu operators, through particularization.
Remark 2. If ˛ D ˇ D 0, then m0 D 1, .0;0/ D 1, we obtain P .0;0/m D Bm,
m  1, the Bernstein operators, Bm W C.Œ0; 1/! C.Œ0; 1/ defined by
.Bmf /.x/ D
mX
kD0
pm;k.x/f

k
m

; (1.7)
for any function f 2 C.Œ0; 1/ and any x 2 Œ0; 1.
Remark 3. If p is a natural number, ˛ D 0 and ˇ D  p, then m0 D 1 C p,
.0; ˇ/ D 1C p. Changing m with mC p, we obtain P .0; ˇ/mCp D zBm;p , m  1, the
Schurer operators, zBm;p W C.Œ0; 1C p/! C.Œ0; 1/ defined by  zBm;pf .x/ D mCpX
kD0
zpm;k.x/f

k
m

; (1.8)
for any function f 2 C.Œ0; 1C p/ and any x 2 Œ0; 1, where
zpm;k.x/ D pmCp;k.x/

mC p
k

xk.1   x/mCp k
are the fundamental Schurer polynomials.
Remark 4. If 0  ˛, p is a natural number, substituting m with mCp and ˇ with
ˇ   p, we obtain P .˛;ˇ p/mCp D zS .˛;ˇ/m;p , m  m0, where m0 is defined in (1.1) for
ˇ   p, the Schurer–Stancu operators, zS .˛;ˇ/m;p W C
 
Œ0; .˛;ˇ p/
! C.Œ0; 1/ defined
by   zS .˛;ˇ/m;p f .x/ D mCpX
kD0
zpm;k.x/

k C ˛
mC ˇ

; (1.9)
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for any function f 2 C  Œ0; .˛;ˇ p/ and any x 2 Œ0; 1 (see [2], where the domain
of definition for the Schurer–Stancu operators is C.Œ0; 1C p/ and the parameters ˛
and ˇ verify 0  ˛  ˇ).
Proposition 1. The operators
 
P
.˛;ˇ/
m

mm0 satisfy the relations 
P .˛;ˇ/m e0

.x/ D 1; (1.10) 
P .˛;ˇ/m e1

.x/ D x C ˛   ˇx
mC ˇ (1.11)
and  
P .˛;ˇ/m e2

.x/ D x2 C mx.1   x/C .˛   ˇx/.2mx C ˇx C ˛/
.mC ˇ/2 (1.12)
for any natural number m, m  m0, for any x 2 Œ0; 1.
PROOF. The proof can be found in [7, 8]. ¤
2. PRELIMINARIES
For a nonzero natural number m, let the operator Km W L1
 
Œ0; 1
 ! C.Œ0; 1/ be
defined for any function f 2 L1
 
Œ0; 1

by
.Kmf /.x/ D .mC 1/
mX
kD0
pm;k.x/
Z kC1
mC1
k
mC1
f .t/dt; (2.1)
for any x 2 Œ0; 1.
The operators Km, where m is a nonzero natural number, are named Kantorovich
operators, introduced and studied in 1930 by L. V. Kantorovich (see [8]).
In the following, we consider the real numbers ˛ and ˇ, ˛  0, where m0 and
.˛;ˇ/ are defined by (1.1)–(1.4).
Lemma 2. For a natural number m, m  m0, we have
0  k C ˛
mC ˇ C 1 
k C ˛ C 1
mC ˇ C 1  
.˛;ˇ/ (2.2)
for any k 2 f0; 1; : : : ;mg.
PROOF. This results from (1.5). ¤
For a natural number m, m  m0, let the operator K.˛;ˇ/m W L1
 
Œ0; .˛;ˇ/
 !
C.Œ0; 1/ be defined for any function f 2 L1
 
Œ0; .˛;ˇ/

by
 
K.˛;ˇ/m f

.x/ D .mC ˇ C 1/
mX
kD0
pm;k.x/
Z kC˛C1
mCˇC1
kC˛
mCˇC1
f .t/dt; (2.3)
for any x 2 Œ0; 1. These operators are named the Kantorovich–Stancu type operators.
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Lemma 3. The operators
 
K
.˛;ˇ/
m

mm0 satisfy the relations 
K.˛;ˇ/m e0

.x/ D 1; (2.4) 
K.˛;ˇ/m e1

.x/ D m
mC ˇ C 1 x C
2˛ C 1
2.mC ˇ C 1/ ; (2.5)
and 
K.˛;ˇ/m e2

.x/ D m.m   1/
.mC ˇ C 1/2 x
2 C 2m.˛ C 1/
.mC ˇ C 1/2 x C
3˛2 C 3˛ C 1
3.mC ˇ C 1/2 (2.6)
for any natural number m, m  m0, and for any x 2 Œ0; 1.
PROOF. Using the definition of the operator K.˛;ˇ/m and applying Proposition 1.1,
the conclusion follows. ¤
Lemma 4. The operators
 
K
.˛;ˇ/
m

mm0 satisfy the relation 
K.˛;ˇ/m '
2
x

.x/ D  mC .ˇ C 1/
2
.mC ˇ C 1/2 x
2 C m   .2˛ C 1/.ˇ C 1/
.mC ˇ C 1/2 x
C 3˛
2 C 3˛ C 1
3.mC ˇ C 1/2 (2.7)
for any natural number m, m  m0, for any x 2 Œ0; 1.
PROOF. We have 
K.˛;ˇ/m '
2
x

.x/ D  K.˛;ˇ/m e2.x/   2x K.˛;ˇ/m e1/.x/C x2 K.˛;ˇ/m e0.x/;
and applying Lemma 2.2 we get the conclusion. ¤
Lemma 5. The operators
 
K
.˛;ˇ/
m

mm0 are linear and positive.
PROOF. The conclusion follows immediately. ¤
3. MAIN RESULTS
Let us recall that if I  R is a given interval, f 2 CB.I/, where B.I/ D ff j
f W I ! R, f bounded on Ig, C.I/ D ff j f W I ! R, f is continuous on Ig,
and CB.I/ D B.I/ \ C.I/. The first order modulus of smoothness is the function
!1 W Œ0;1/! R defined for any ı  0 by the formula
!1.f I ı/ D sup
˚jf .x0/   f .x00/j W x0;x00 2 I; jx0   x00j  ı	: (3.1)
In the sequel, we will use the following result established by O. Shisha and B. Mond
(see [1, 6, 8]).
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Theorem 1. Let L W C.I/ ! B.I/ be a linear and positive operator with the
properties Le0 D e0.
(i) If f 2 Cb.I/, thenˇˇ
.Lf /.x/   f .x/ˇˇ  1C ı 1q L'2x.x/!1.f I ı/ (3.2)
and ˇˇ
.Lf /.x/   f .x/ˇˇ  1C ı 2 L'2x.x/!1.f I ı/ (3.3)
for any x 2 I , for any ı > 0;
(ii) If f is a derivable function on I and f 0 2 CB.I/, thenˇˇ
.Lf /.x/   f .x/ˇˇ 
 ˇˇf 0.x/ˇˇˇˇ.Le1/.x/   x ˇˇCq L'2x.x/ 1C ı 1q L'2x.x/!1.f 0I ı/ (3.4)
for any x 2 I , for any ı > 0.
Theorem 2. The sequence
 
K
.˛;ˇ/
m f

mm0 converges uniformly on Œ0; 1 to f ,
for any f 2 C  Œ0; .˛;ˇ/.
PROOF. Applying Lemma 2.3 we get limm!1
 
K
.˛;ˇ/
m '
2
x

.x/ D 0 uniformly on
Œ0; 1. Since K.˛;ˇ/m e0 D e0, using then the well-known Bohman–Korovkin theorem
[1, 8], we obtain the result. ¤
Theorem 3. (i) If f 2 C  0; .˛;ˇ/, then
ˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ   1C ı 1rK.˛;ˇ/m '2x .x/
!
!1.f I ı/ (3.5)
and ˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ  h1C ı 2 K.˛;ˇ/m '2x .x/i!1.f I ı/ (3.6)
for any x 2 Œ0; 1, for any ı > 0 and m 2 N, m  m0.
(ii) If f is a differentiable function on

0; .˛;ˇ/

and f 0 2 C  0; .˛;ˇ/, then
ˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ  jf 0.x/jˇˇˇˇ  ˇ C 1
mC ˇ C 1 x C
2˛ C 1
2.mC ˇ C 1/
ˇˇˇˇ
C
r
K
.˛;ˇ/
m '2x

.x/
 
1C ı 1
r
K
.˛;ˇ/
m '2x

.x/
!
!1.f
0I ı/ (3.7)
for any x 2 Œ0; 1, for any ı > 0 and m 2 N, m  m0.
PROOF. Applying the Theorem 3.1, we obtain the results. ¤
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Theorem 4. Let ı.˛;ˇ/m .x/ D
q 
K
.˛;ˇ/
m '2x

.x/, where x 2 Œ0; 1 and m is any
natural number, m  m0. Then
(1) If f 2 C  0; .˛;ˇ/, thenˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ  2!1 f I ı.˛;ˇ/m .x/ (3.8)
for any x 2 Œ0; 1 and for any natural number m, m  m0.
(2) If f is a derivable function on

0; .˛;ˇ/

and f 0 2 C  0; .˛;ˇ/, thenˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ  jf 0.x/jˇˇˇˇ   ˇ C 1
mC ˇ C 1 x
C 2˛ C 1
2.mC ˇ C 1/
ˇˇˇˇ
C 2ı.˛;ˇ/m .x/!1
 
f 0; ı.˛;ˇ/m .x/

(3.9)
for any x 2 Œ0; 1 and for any natural number m, m  m0.
PROOF. Choosing ı D ı.˛;ˇ/m .x/ in Theorem 3.3, we obtain Theorem 3.4. ¤
For a natural number m;m  m1, let fm W Œ0; 1 ! R be a function of second
degree defined by
fm.x/ D  mC .ˇ C 1/
2
.mC ˇ C 1/2 x
2Cm   .2˛ C 1/.ˇ C 1/
.mC ˇ C 1/2 xC
3˛2 C 3˛ C 1
3.mC ˇ C 1/2 (3.10)
for any x 2 Œ0; 1, where m1 is the smallest natural number so that
m1  max
˚
m0; .2˛ C 1/.ˇ C 1/; .ˇ C 1/2 C 1; .ˇ C 1/.2ˇ   2˛ C 1/
	
: (3.11)
Lemma 6. The function fm has a maximum value
M .˛;ˇ/m D
3m2   2m.6˛ˇ C 3ˇ C 1   6˛2/   .ˇ C 1/2
12

m   .ˇ C 1/2.mC ˇ C 1/2 > 0 (3.12)
at the point xM D m .2˛C1/.ˇC1/2.m .ˇC1/2/ , where m is a natural number, m  m1.
PROOF. Let a D  mC.ˇC1/2
.mCˇC1/2 , b D m .2˛C1/.ˇC1/.mCˇC1/2 , and c D 3˛
2C3˛C1
3.mCˇC1/2 . Then
fm D ax2CbxCc. Because m  m1, a < 0, the function fm has a maximum value
M
.˛;ˇ/
m D   4a at the point xM D   b2a . It follows immediately that 0  xM  1,
since m > .ˇ C 1/2, m  .2˛ C 1/.ˇ C 1/ and m  .ˇ C 1/.2ˇ   2˛ C 1/. We
have fm.0/ D 3˛2C3˛C13.mCˇC1/2 > 0 and from calculations we obtain relation (3.12). ¤
Lemma 7. We have
ı.˛;ˇ/m .x/  ı.˛;ˇ/m (3.13)
for any x 2 Œ0; 1 and for any natural numberm, m  m1, where ı.˛;ˇ/m D
q
M
.˛;ˇ/
m .
PROOF. Taking (2.7) into account, the definition of ı.˛;ˇ/m .x/ and Lemma 3.1. ¤
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For a natural number m, m  m0, let gm W Œ0; 1 ! R be a function defined by
gm.x/ D   ˇC1mCˇC1 x C 2˛C12.mCˇC1/ , for any x 2 Œ0; 1. Because the function gm is
linear, then the extremal value of gm is gm.0/ and gm.1/. Thenˇˇ
gm.x/
ˇˇ  .˛;ˇ/m (3.14)
for any x 2 Œ0; 1, for any natural number m, m  m0, where
.˛;ˇ/m D max
˚ˇˇ
gm.0/
ˇˇ
;
ˇˇ
gm.1/
ˇˇ	 D (3.15)
D max

2˛ C 1
2.mC ˇ C 1/ ;
j   2ˇ C 2˛   1j
2.mC ˇ C 1/

:
Corollary 1. The following assertions are true:
(1) If f 2 C  0; .˛;ˇ/, thenˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ  2!1 f I ı.˛;ˇ/m  (3.16)
for any x 2 Œ0; 1 and for any natural number m, m  m1.
(2) If f is a derivable function on

0; .˛;ˇ/

and f 0 2 C  0; .˛;ˇ/, thenˇˇ 
K.˛;ˇ/m f

.x/   f .x/ˇˇ M1.˛;ˇ/m C 2ı.˛;ˇ/m !1 f I ı.˛;ˇ/m  (3.17)
for any x 2 Œ0; 1 and for any natural number m, m  m1, where M1 D
maxx2Œ0;1 jf 0.x/j.
PROOF. It results from Theorem 3.4, Lemma 3.2 and relation (3.14). ¤
Remark 5. Through particularization, in the following applications we obtain known
operators which verify the general results proved for the Stancu operators.
Application 1. If ˛ D ˇ D 0 we obtain the Kantorovich operators.
Application 2. If p is a natural number, ˛ D ˇ D 0, substituting m with mC p,
we obtain the Kantorovich form of Schurer type operators (see [4]).
Application 3. If p is a natural number, 0  ˛  ˇ, substituting m with mC p,
we obtain the Kantorovich form of Schurer–Stancu operators (see [3]).
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